Learning normalizing flows from Entropy-Kantorovich potentials

Chris Finlay *! Augusto Gerolin “> Adam Oberman' Aram-Alexandre Pooladian "3

Abstract

We approach the problem of learning continuous
normalizing flows from a dual perspective mo-
tivated by entropy-regularized optimal transport,
in which continuous normalizing flows are cast
as gradients of scalar potential functions. This
formulation allows us to train a dual objective
comprised only of the scalar potential functions,
and removes the burden of explicitly computing
normalizing flows during training. After training,
the normalizing flow is easily recovered from the
potential functions.

1. Introduction

Normalizing flows (Rezende & Mohamed, 2015; Tabak &
Turner, 2013; Tabak et al., 2010) are a popular mechanism
for probabilistic modeling and inference, whereby an un-
known distribution is parameterized by a transformation
of the standard Normal distribution. Normalizing flows
provide a general framework for defining flexible proba-
bility distributions over continuous random variables, and
have been applied throughout a wide variety of fields, in-
cluding density estimation (e.g. (Grathwohl et al., 2019;
Tabak & Turner, 2013)), generative modelling (e.g. (Chen
et al., 2019; Kingma & Dhariwal, 2018; van den Oord et al.,
2018)), and variational inference (e.g. (Berg et al., 2018;
Kingma et al., 2016; Rezende & Mohamed, 2015; Tomczak
& Welling, 2016)).

Continuous normalizing flows (CNFs) (Grathwohl et al.,
2019) construct normalizing flows through a continuous
time-dependent transformation of the data, in which the
transformation is given as the solution operator of a neural
ordinary differential equation (ODE) (Chen et al., 2019;
2018; Haber & Ruthotto, 2017; Ruthotto & Haber, 2019).
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In this framework, normalizing flows are parameterized as
a flow generated by a (learned) vector field. Training this
vector field can be difficult, and significant regularization
may be necessary to learn well-behaved flows (Finlay et al.,
2020; Massaroli et al., 2020; Onken et al., 2020; Yan et al.,
2020).

Here we take a step back and frame CNFs within the lens of
Optimal Transport (OT) theory (Cuturi & Peyré, 2019; Vil-
lani, 2008). This is a natural connection, due to a correspon-
dence between vector fields and the dynamical formulation
of OT (Benamou & Brenier, 2000), which we explore below.
In this work, we will take an indirect route to constructing
CNFs, and completely sidestep the need to solve an ODE
generated by a vector field during CNF training. Instead we
will use the property that the flows encountered in OT are
gradients of scalar potential functions. Optimization will
be done only in terms of these potential functions, without
discretizing an ODE during training. Afterwards, a CNF
will be recovered from the learned potential functions.

To be more explicit, the link between CNFs and OT studied
herein relies on the entropy-regularized dynamical formula-
tion of OT, which will allow us to construct a time dependent
curve p, of densities acting as the displacement of n, the
data measure, to v, the Gaussian measure. More precisely,
the entropy-regularized dynamical OT problem seeks the
pair (p¢, v¢) of density-flow p; and vector field v; minimiz-
ing the variational problem

. ! o], € 2
inf // (+|Vlogpt||>ptdxdt, ()
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subject to the constraint that the pair also satisfies the conti-
nuity equation

Owpr +V - (vepr) =0, )

and that both py = p and p; = v (i.e. that the initial
and final endpoints respectively agree). The scalar ¢ will
control the amount of regularization provided by the Fisher
information term ||V log p; ||, and corresponds to entropic
regularization of OT (Cuturi, 2013).

Entropic regularization will play two important roles in our
approach: (1) introduces inherent stochasticity to the learned
flows, which may heuristically be beneficial during training
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Figure 1: Using the learned Entropy-Kantorovich potentials
and (4), the vector field v; (black arrows) recovered from
the potentials creates a CNF between the checkerboard dis-
tribution (at ¢ = 0) and the standard Normal distribution (at
t = 1). Log-densities of the distributions along the flow are
shown with the heat map.

and inference; (2) simplifies our numerical method by allow-
ing us to approximate a particular function transformation
with Monte-Carlo integration.

It is from the continuity equation (2) that a CNF is defined,
by the ODE

X! =v(Xe(x)) st Xox)=2; 2R (3)
where x is a particle drawn from the data. The continuity
equation can be interpreted as the equation ruling the evo-
lution of a family of particles initially drawn from the data
measure (i, and where each particle follows the path defined
by the solution operator of (3), flowing the particles to the
Normal distribution.

Main contributions

In practice, directly optimizing the variational problem (1)
may not be feasible in high dimensions, and optimizing
the CNF generated by (3) introduces its own difficulties.
In this paper we instead use theoretical results from OT
theory to provide implicit formulas for the optimal flow
(pt, v¢) solving (1). The flow so defined will only depend on
two scalar functions ¢ and 1, called Entropy-Kantorovich
potentials. The CNF will be defined through the following
vector field

1

vi(@) = V5 (pi(2)

5 (pe(@) (@), o

where ¢ := € log Hy-[e?/%] and ¢, = clog H(1_y)[e¥/°],
with H the heat kernel (see Section 2.2; H is also known as
Gaussian averaging). Additionally, the density-flow will be
defined by

log pi(z) = (pe(z) +be(x))/e. o)

We will show how the Entropy-Kantorovich potentials can
be found by optimizing a static dual problem of (1); the
optimization procedure itself will not require the numerical
solution of an ODE.

1.1. Related work

The tools provided by the literature on OT (Cuturi & Peyré,
2019; Villani, 2008) are the cornerstone of our methodology.
Connections between particle-based methods in numerical
analysis and OT first appeared in the seminal work of (Ben-
amou & Brenier, 2000), and is referred to as the “Benamou-
Brenier” formulation in the modern literature. This provides
a dynamic perspective on OT, which can be generalized to
entropic optimal transport (EOT) (Chen et al., 2016; Gentil
etal., 2017; Gigli & Tamanini, 2018; Léonard, 2014). These
connections will be made more explicit in Section 2.

Meanwhile, the literature on flow-based methods in deep
learning is rich with applications of OT theory, particu-
larly in the context of normalizing flows; examples include
(Pavon et al., 2018; Ruthotto & Haber, 2019; Ruthotto et al.,
2020; Trigila & Tabak, 2016; Zhang et al., 2018; Finlay
et al., 2020). In the context of Wasserstein Generative Ad-
versarial Networks (GANSs), different approaches have been
taken to learn Kantorovich potentials using neural networks;
see for example (Arjovsky et al., 2017; Gulrajani et al.,
2017), and the entropy-regularized case in (Mallasto et al.,
2019).

2. CNFs from entropic optimal transport

Notation: P(R?) denotes the set of probability distribu-
tions over R?, with P,(R%) being the set of probabilities
with p > 1 finite moments. The density of the standard
Normal distribution in R (the target measure v in the OT
framework) is denoted ps and the data measure is denoted
by pp (the source measure p).

The 2-Wasserstein distance between 1, v € Py(R%) is de-
fined as

Wa(p,v) = ( min /R Ll -yl do e, y))1/27

YEI(,v) dyRd 2
(6)

where II(u, v) denotes the set of probability measures on
R? x R¢ with marginals equal to 1 and v,

V(A x RY) = u(A),}.

. — d d
M, v) = {’Y € Po(R” x RY) (R x A) = v(A)

An element in II(u, v) is called a coupling or a transport
plan, and v°?* € TI(u, v) realising the minimum in (6) is
called the optimal transport plan.'.

'We refer the reader to Appendix A for background on optimal
transport maps.
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Finally, we define the function space LE&*P(R%;dx) =
{f: R - R| [paexp(f/e)dz < +oo} and the (c,¢)-
transformation of f € L&P(RY; dx):

dx)

1 / f@)=Slz—yl?
d € €
v(y)(2me)? Jpa
(7N

and analogously for g € L&P(R%; dy).

F(ysv) = elog (

2.1. Entropy-regularized 2-Wasserstein distance

In Appendix A, we outline optimal transport maps and their
relation to normalizing flows. In Appendix B, we discuss
geodesic flows of the W, distance. While the approach
of Appendix B is elegant, it is difficult to optimize the
Kantorovich potential directly ¢ in a mesh-free environ-
ment, or in high-dimensions. We instead turn to the entropy-
regularized optimal transport problem, which as we shall
see, lends itself to a computationally tractable method to
determine the potential functions.

The entropic regularization of the W5 distance with regular-
ization parameter € > 0 (Cuturi, 2013) is defined by

W2(pp.pxr) = min / D e—ylPdy (e, y)+eH().
YE(pp,pA) JRdxRE 2
8)

Here H is the entropy of a probability measure v € Po(R? x
R%), defined by H(y) = [pa,pa 7(2)log (v(z,y)) dzdy
if 7 is a density and H( ) = 400 otherwise. By strong
convexity (8) always admits a unique minimizer (Cuturi &
Peyré, 2019; Franklin & Lorenz, 1989; Léonard, 2014). En-
tropic regularization has the effect of ‘diffusing’ or ‘fuzzing’
the transport plans.

An equivalent formulation of (8), the so-called dual or
Entropy-Kantorovich formulation of (8) allows us to obtain
the distance between pp and pas by maximizing over pairs
of Entropy-Kantorovich potentials (1), ) rather than mini-
mizing over measures y (Cuturi & Peyré, 2019; Di Marino
& Gerolin, 2019; Léonard, 2014),

¢ € LY (R%; da),

+e,
¢ € LY (R dy)

)

where D, : L™P(R?; dz) ® L&P(R; dy) — R is the dual

functional
/‘w ) dpac(y

De(¢, ) :/Rd

2
cef op{ERt¥E- Lz }dl,dy_

R4 x R4 €
(10)

W2(pp,pn) = sup {De(%w :

dPD

Note that the functional D, is strictly concave in each vari-
able and, under mild hypotheses, one can show the exis-

tence of maximizers in (9) which are unique up to additive
constants (Di Marino & Gerolin, 2019). Useful characteri-
zations of the primal (8) and dual problem (10) are given in
Appendix D, under Theorem 4.

2.2. A bridge between CNFs and potentials: the
dynamic formulation

We are now in a position to bridge entropic optimal transport
with continuous normalizing flows. The variational problem
(8) can be expressed in a dynamic form (up to constants)
(Chen et al., 2016; Gigli & Tamanini, 2018; Léonard, 2014)

1 12
ur [ (L
(pfv8) Jo JRre 2

with the constraint that (pf, v§) solves the continuity equa-
tion 0;pf + V - (v5p§) = 0, and that p§ = pp, p5 = pn-
The time-dependent density p; is a curve between the data
and Normal distributions in the 2-Wasserstein space parame-
terized by ¢ € [0, 1]. Once v§ is known, this time dependent
vector field defines a CNF via the ODE (3). Equation (11)
has an associated dual problem that is equivalent to (10);
we refer the reader to (Gigli & Tamanini, 2018) for the
connection between the two objective functions.

HVIng>p¢Mtun

Recovering the flow and density: We first define the con-
volution operator

1

Hs[f](y) == W -

f(z)exp (—;SH:JJ - y|2) dz,

12)
which smooths the operand with the Normal distribution of
variance s; this is sometimes called the heat kernel. Note
the similarities with the (c, )-transform. Let (¢, ¢)) be the
optimal Entropy-Kantorovich potentials in (10), and de-
fine o := elog Hy-[e¥/%] and vy := elog H(1_p.[e¥/*].
Then the entropic-displacement interpolation p5 : [0,1] —
P2 (R) between the probability densities pp and pys and
the corresponding velocity field v; are given by (Léonard,
2014)

t(x) + ¢u(x))/e) , and
pr(x) — Pe()) /2,

The entropic interpolant p; given by (13) is the regularized
analogue to the constant speed geodesic. Moreover, as
e = 0, p; — p:, the 2-Wasserstein geodesic between pp
and pas (24); recall Appendix B.

pi(r) = exp ((p (13)

vi (2) =V ( (14)

We emphasize that once ¢ and v are known, we can com-
pletely defined a continuous normalizing flow between the
data distribution and the standard Normal via equations (14)
and the ODE (3).
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3. Numerics

We now have the necessary tools to build CNFs by solv-
ing for Entropy-Kantorovich potentials. We parameterize
the pair of Entropy-Kantorovich potentials (i, 1)) as neural
networks (g, 1,,) with respective parameters 6 and w. We
solve the dual problem (9) by maximizing the pair of func-
tionals (17) over batches sampled from pp and par. The
complete pseudo-code of our training procedure is outlined
in Algorithm 1.

Alternating between optimizing ¢ and v: In practice,
we take alternating gradient ascent steps on the functional
D.; this is motivated by Proposition 3 in Appendix D.

This result says that we can create an increasing sequence
of objective values by alternating between placing only ¢
and only v (with their respective (¢, )-transforms in place
of the other potential function) in the arguments of D..
We note that this sequence of objective function values is
increasing only up to error induced by mini-batch sampling.
An analysis of this error is outside the scope of this paper.
Moreover, at optimum, Theorem 4 tells us that the optimal
potentials in (9) satisfy (©) = ¢ and ¥(>=) = ; we add
an Lo regularization term to reflect this.

Fast approximate (c,¢)-transform via MC integration:
The (¢, e)—transformation building the above sequences
can be approximated efficiently via Monte-Carlo (MC) inte-
gration with N samples x; ~ N (y, €):

N
1 )
(800)(0’5)(3/) ~ elog (N § esos(am)/a> . (15)
=1

Monte-Carlo integration is well known to be close the true
integral point-wise with an error of O(N~1/2) in the num-
ber of samples (for fixed dimension d) (Robert & Casella,
2013). We can safely omit the v(y) term in (7), as we
are only interested in the argmax of the objective function,
and not the optimal function value. We will also use MC
integration for a fast evaluation of the heat kernel H.

Speeding optimization by reinforcing the (c,¢)-
transforms: In practice we have found optimization is
helped by reinforcing the optimality conditions ¢ (%) = 1)
and 1(“¢) = ¢. To do so, we re-define the objective dual
function (10) with an extra auxiliary variable

Da(%@w):/ wdpv+/ @dpn (16)
R4 R4

+9 — Lz —y|?
—s/ exp{so v sl yl }dxdy.
Re x R4 €

Algorithm 1 Dual ascent of potential functions, parameter-
ized by neural networks

Input: Target dataset D C R, ¢ > 0; N, B, kyax € N;
k = 0 and step-size > 0
Initialize networks oy, ¥(0)
while k& < k.., do
for g € Ddo
Sample zp ~ N (0, I4)
Compute wEZ’)E) and wg;’)s) with MC integration

Optimize over J to update ¢y, with 1/)( k) fixed
Optimize over Ito update ), with @1 1) fixed
end for
k—k+1
end while

Optimization then alternates over the twin functionals J and
I, which are motivated by Proposition 3 and equation (10)

J(00) == De(00, 05 1) + all s = v |I?,

17

F) = Dol 959, 00) + b — gol.
Examples We consider several low-dimensional distri-
butions commonly used in the normalizing flow litera-
ture, some of which are discontinuous (e.g. checkerboard).
For these experiments, we parameterize the two Entropy-
Kantorovich potential functions (g, t,,) using four fully
connected linear layers with ReLU activations, with hidden
dimension 64. The hyper-parameters for the experiments
are provided in Appendix E and, apart from the total num-
ber of iterations, are the same for each dataset. Indeed, we
observed that some of the distributions were more difficult
to model than others, and needed more time to optimize
over the function space.

In Figure 2, we present the ground-truth log-densities, our
estimated log-densities, and generated samples flowing from
a standard Normal distribution to the target. The added blur
in our estimated log-densities highlights the effect of the
entropic interpolation (we trained with € = 1). To generate
samples, we compute v; through (14) by estimating the
‘H transformation — the generated samples seem largely
unaffected by the blurring, and are well-concentrated.

4. Discussion and future work

We have presented a novel framework for density estima-
tion and generative modelling with CNFs, based on well-
establish results from entropy-regularized optimal trans-
port. Rather than solving a dynamic problem, we exploit a
dual formulation that easily takes advantage of the function-
approximation abilities of neural networks. This allows
us to define the estimated densities and their normalizing
flows in (near) closed form. We studied toy problems, but
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Figure 2: Estimated densities and generated samples using Entropy-Kantorovic potentials, on 2D examples. (Top row)
Ground-truth log-densities; (Middle row) Our approximated log-density pg; (Bottom row) Generated samples flowing from

standard Normal.

the method we have presented readily extends to higher-
dimensions, which we leave for future wor
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Appendix A: Some concepts from Optimal Transport Theory

We briefly introduce the Monge problem in R? for the distance square cost function and highlight the relation with the
Kantorovich relaxation. For more detail, see e.g. (Santambrogio, 2015; Villani, 2008). First, let us recall the definition of
push-forward of a measure.

The push-forward of a measure

Let T : R — R? be a Borel function and j, v be probability measures in R?. The push-forward measure Ty € P(RY) is
defined by

Typ(A) == (T~ (A)) = n ({z € R* : T(x) € A}) for any Borel measurable set A C R?, (18)

Equivalently, one can write T} in integral terms

/ h(y)dTyp(y) = / h(T(z))du(z), Yh:R?— R Borel. (19)
R R

In particular, if we assume T additionally differentiable, Tyu = v can be simply written as classical change of variables
formula

w(x) = v(T(x))|det Jp(x)]. (20)

Then, by applying the log in both sides in (20) one has
log p(z) = logv(T'(x)) + log |det Jr ()],

where J7 denotes the Jacobian of a map 7T'.

Monge problem and its Kantorovich relaxation

The Monge problem seeks to find the best optimal transport map transporting i and v, i.e. Tyj = v, that minimizes the
total work

1 1
inf / —|lz — T(2)||*du(x) = inf / ~||z — T(2)||*du(z) : T : R* — R? Boreland Ty = v ¢ . (21)
Typ=v Rd2 Rd2

In general, the problem (21) does not always admit a minimizer. The class of functions 7 (11, v) = {T : R — R? : Tip=v
and T Borel } can even be empty. It is enough to take, for example 11 = 0, and v = 30, + 30y,.

The Kantorovich relaxation instead
n Co)i= min [ Syl @)
min = min —llr — x,Y),
yEI(p,v) 7 YEM () JRd xRd 2 vy

admits a minimizer, since the set II(x, ) is compact and the cost function C() is lower semi-continuous in the weak*-
topology (convergence in law). Notice that the set of transport maps 7 (1, v) can be identified with a subset of II(u, v) by
writing for every T' € T (u,v), vr = (Id, T)yp € II(w, v). Then,

. 1 ~ L
win [ Sle—ylPdrey) < o [ S lle = 7@ Pduta).
R? xR

yEM(p,v) Typ=v JRd

Under some hypothesis on p and v, one can also show that the equality holds in the above equation. In other words, the
solution of (22) is of Monge-type, yr = (Id, T')yp. This is precisely the statement of Brenier’s Theorem.

Theorem 1 (Brenier) Let ;i and v be Borel probability measures on R™, c(z,y) = ||z — y||? be a cost function and
suppose | has a density with respect to Lebesgue. Then the optimal plan v solving (22) is supported on the graph of a map
T : RY — R” satisfying Typ = v (i.e. T € T (u,v)), ice. v = (Id, T)y 1. Moreover, this map is unique and there exists a
convex function u such that T'(x) = Vu(z).
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As a consequence, the Monge problem (21) admits a unique minimizer.

A natural question is to enquire when the optimal map 7" in (21) is differentiable, allowing us to write the condition Tyy = v
as in (20). One theoretical and insightful result due to Caffarelli guarantees the regularity of the potentials u. Assume
that 1 has compact support and v has finite second moments. Then, at least when pu(z) = exp(—W (z) — |z|?)dy and
v(y) = exp(V(y) — |y|*)dz with V, W convex, the map 7' = Vu is 1-Lipschitz and v = Typ (Caffarelli, 2000; 2002;
Kolesnikov, 2013).

Transport maps and normalizing flows

Under some regularity assumptions on p, v, the optimal transport map 7" is 1-Lipschitz (Caffarelli, 2000; 2002) and then,
Typ = v can be equivalently written by the change of variables formula p(z) = v(T'(z))|det Jp(z)|, where Jr is the
Jacobian of T'. Therefore, when ;1 = pp is the data density and v = p is the standard Normal density, 7" is a normalizing
flow.

Normalizing flows are designed to maximize the log-likelihood of the data under a transformation 7'. The normalizing flow
so defined is not necessarily an optimal transport map. Since the data density is not known analytically, the difficulty of
evaluating the log-likelihood of a sample x under pp is pushed onto evaluating the log-likelihood of T'(x) under py:

log pp () = log pa(T(x)) + log |det Jr ()] 23)

In the normalizing flow literature, 7" is a composition of ‘simple’ analytic functions, so that the log-determinant of
the Jacobian can be computed tractably. For example, in CNFs, where the transport map is defined as the solution
operator of the ODE (3), the Jacobian log-determinant is evaluated by integrating the divergence of the vector field v,
along the solution path (Grathwohl et al., 2019). Once a family of maps with tractable Jacobian determinants have been
constructed, and given data x; ~ pp, the objective of normalizing flows is to simply maximize the log-likelihood of the
data, maxy Y, log par(T'(x;)) + log |det Jp ()|

Appendix B: Absolutely continuous curves and geodesics in W,

Let p(t) be a curve in P(R%), i.e. p : [0, 1] — P(R?), the metric derivative of p(t) denoted by |p|(t) is defined by

G e Walp(t+h), p(t))
pl(t) = lim =2

provided the limit exists.

The following theorems guarantee the existence of the metric derivative for Lipschitz curves in (P (R?), W) and relate
absolutely continuous curves in (P (R?), W) with solutions of the continuity equation. We refer to (Ambrosio et al., 2008;
Santambrogio, 2015) for the prove and further details.

Theorem 2 Suppose that p : [0,1] — P(R?) is Lipschitz continuous, i.e. for all s,t € [0,1], Wa(ps, p1) < L|t — s|, for
L > 0. Then the metric derivative |p|(t) exists for almost every t € [0, 1]. Moreover, for all t < s

Walp(t).p(s)) < [ Iil(a)da.
t
Definition 1 A curve p : [0,1] — P(R?) is said to be absolutely continuous if there exists a function f such that

Walp(t). p(s) < / Cfla)da, Vs <t.

The next theorems relates the continuity equation and an ODE flows constructed in this paper.

Theorem 3 Let (py)ico,1] be an absolutely continuous curve in (Po(R), Wa). Then, there exists a vector field v; €
L?(ps, RY) such that the continuity equation Oip; + V - (vip;) = 0 is satisfied in the weak sense and, for almost every
t €10,1], |ve|r2(p,) < 19|(t). Moreover, the converse also holds: if (p)ic(o0,1) is a curve in (P2(R%), Ws), v, € L2(R?, py)
such that fol fQ |v¢|2pedadt < 400 solving Oyps + V - (vepy) = 0, then py is absolutely continuous in Wy and for almost
everyt € [0,1], [p|(t) < |ve|r2(p,)-
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Definition 2 A curve p : [0,1] — X is said to be a geodesic between p and v € X if it minimizes the length among all
curves such that p(0) = pand p(1) = v.

Let us denote by L(p) the length of a curve p : [0,1] — X,
n—1
L(p) := SUP{Zd(P(tk)’p(tkH)) n2>21, 0=t <ty <-- <tp = 1} :
k=0

A space (X, d) is said to be a geodesic space if it holds
d(p,v) = min{L(p) : pis absolutely continuous, p(0) = p, p(1) = v},
i.e. there exist geodesics between arbitrary points.
Proposition 1 ((P,(€2), W) is a geodesic space) Let Q@ C R? be convex, p,v € P,(Q) and v € M (u,v) an optimal
transport plan for the cost c(x,y) = |x — y|P, p > 1. Define the curve m; : Q0 x Q — Q through m(x,y) = (1 — t)x + ty.

Then the curve p; = ()47 is a constant speed geodesic in (Py(S2), W) from p to v. In particular, when an optimal
transport plan -y = ~yr is concentrated in a map T the curve p, = ((1 — t)Id + tT')ypu.

Proposition 2 Let i, v be two densities in Pp(2),p > 2, py = ()47 be the geodesic connecting i to v introduced in
Proposition 1 and Ty(z) = (1 — t)x + tT(x), where T is the optimal transport map between p to v. Then the velocity field
vi(y) = (T —1d)(T; (y)) is well defined on spt(p;) for each t €)0, 1| and satisfies

O¢pt +V - (Ptvt) =0, ||’UtHLP(pt) = |P|(t) = Wp(%”)-

Geodesics flows in the 2-Wasserstein space Wy (R?)
Here, we briefly discuss how to construct a CNF which is a constant-speed geodesic between pp and par in Wy (R9).

Suppose there exists an optimal transport map 7" between pp and p,s, and consider the convex combination between the
identity map Id and 7', m(z) = (1 — ¢)x + tT'(x). This can be viewed as a interpolant between our two measures of interest.
In fact, the continuous deformation p; = (7 )ypp, for t € [0, 1], is a constant-speed geodesic between the data and the
Normal distribution.

By the celebrated Brenier’s Theorem (Brenier, 1991), the optimal transport map 7' can be expressed as the gradient of a
scalar-valued potential ¢ : R? — R, T'(z) = V(%||z|? — ¢()), then p, = (m;)spp reads

pe = (Id +tVe(x))spp. 24)

In ODE terms, the velocity field defining the ODE (3) of this continuous normalizing flow is given by v;(z) = T'(x) — x =
Vé(z), and is time-invariant, depending only on the point z, and is hence constant-speed. The function ¢ is called a
Kantorovich potential and is related to the dual problem of (6). One can verify that p, solves the continuity equation
Opr + V - (Vop) = 0 from which the continuous normalizing flow is read off. In the context of normalizing flows,
the continuity equation dictates the evolution of data moving from pp to pas, if the paths were to truly take the optimal
trajectory.

Appendix C: Dynamical formulation of the Entropy-regularized Optimal Transport

The variational problem (8) can be alternatively writen in the dynamic formulation (Gentil et al., 2017; Gigli & Tamanini,
2018; Léonard, 2014)

1 112
. w R €
W2 pp.a) = min [ [ 10el” e gt 4 € (H(pp) + Hipw)) 25)
sws) Jo Jra 2 2
g
— swp [ (o~ vidoo + [ (66— i)y + 5 (Hipo) + Hipw). 26)
(of,05) JRA R4
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where the minimum must be understood as taken among all couples (p§, w$) solving the backward and forward Fokker-
Planck equations

—0p; + V- (Vipf) = Apt7 and  Oip; +V - (Vihipy) = Apta

for t € [0, 1] such that p§ = pp, p§ = par; while the supremum is taking over the couple ((pt , %) solving the Hamilton-
Jacobi-Bellman equations

IVeil? Hwtll2 N
2 2 t

The optimal vector field w; is given by the Entropy-KantorOVich potentials wi = V(¢f — wt )/2, which corresponds to the
regularized constant speed geodesic in the 2-Wasserstein space.

Otapf —+ A , and — ('Mbt =

By writing w§ = v§ — eV log(p?), the variational problem (25) corresponds to eq (1)

c UE 2
= o)+ 1) + nt [ (V4 S tog ) o @
R

2 (pt,vE)
where (p5, v§) is such that p§ = pp, p1 = pa and solves the continuity equation
In the following, we give a formal computation explaining the optimal conditions obtained via the above primal-dual
relation.
Characterization (25) via primal-dual problems

Let us assume that ¢, and v; solves the respective HIB equations and define oy = (¢ — 1¢)/2. Let us compute

d R d d
— sdr = — cagd c— sdx =: (1 II). 28
S| [ pee= [ 2 e [ i) aude =@+ 08)
Since ¢4 and v, solves the respective HIB equations, we have
d Vb ||? Vo |?
(I1) = /Rd Ni% agdr = /Rd (— ! i}t” — ! th Ay + got)) pedx
s=t

pl>\>—~ ..lx\m

2 2
= [ (- - Ty S+ o0, v os(us ) s
Rd

[Vl [Verl? &

< [ (I Iy L+ p0l? + IV 0800I e
Rd

The second line follows from the first by applying integration by parts to pass a gradient onto the measure u°, then

multiplying and dividing by u°, and then using (Vp®)/u® = Vlogp®. The last line is with equality if and only if

eVlog(us) = V(¢ + ¢+) almost everywhere.

Now, if (u$,v¢) solves the continuity equation then

d
W= [ 5 wede == [ a9 @uido = [ (V- o0/ upide (29)
Rd AS s—t Rd Rd
1 2 1 2, €
< | SIV®e = )/217 + 5l pide, (30)
Rd
with equality if and only if vy = V(¢); — ¢+)/2. Finally, integrating (28) over time one has
1 v
§/d(¢1 p1)dpr + 5 / (Y0 — o)dpo </ / el f||V10g,utH dxdt. 31
R
Since all the computations above are arbitrary we have that
Ve €
1 1 = 172 2,
sup 5 [ (Y1 —pi)dpr+ 5 | (Yo —po)dpo :
($tope) R? Rd o Ived? e
Oy = > 2A?/1t
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O +V - () =0
{/ / leell® |V10g pi |Pdedt © .
(/J,,,’Ut R4 :LLO =Pp, :ul = PN

The equality is reached when v; = V(¢; — ;)/2 and u$ is the entropic interpolation

/,Lf = Ht5(€¢5) H(lft)a(ewe).

In particular, at the optimal (15, v;) we have that

%/w(wl_ pvdy + 5 /(% ©0)p Ddx—/ /Rd Hvt”2

Appendix D: Optimization over L*P

|v log g ||* uf dedt.

Theorem 4 (Proposition 2.11, (Di Marino & Gerolin, 2019)) Let ¢ > 0 be a positive number, 1 C R? be a compact set,
pp,px € P(Q). Then given p € LEP(RY; dx) and ¢ € LEP(RY; dy), the following are equivalent:

1. (Maximizers) p and 1) are maximizing potentials for (9);

2. (Maximality condition) p\©=) = 1, (=) = © and, moreover, @, € L>=(S2).

3. (Primal problem) ' = exp ((¢(z) +¥(y) — 3llz — yl*)/¢) € W(pp, pr);

4. (Duality attainment) W2 (pp,pn’) = De(p,%) + €.

Moreover, the optimal coupling v°P" is also the (unique) minimizer for the problem (8).

log-densities from the Entropy-Kantorovich potential functions:

{cp(x) + (9 (2) = elogpp(z) + C1
(32)
P(y) + ¢ (y) = elogpar(y) + Co

for some normalizing constants C; and C5. In other words, the potential functions parameterize the data and Normal
distributions as energy-based models.

Proposition 3 (Lemma 2.6 in (Di Marino & Gerolin, 2019)) The dual function D, : L& (R%:; dz) x L&P(R%; dy) — R
defined as in (10) is concave in each one of the variables. Moreover,

D.(p,0\®)) > D.(p,v), ¥V € L&P(R%; dz),

D.(p,9')) = D.(p,) ifand only if p = (=),

In particular we can say that =) € argmax{D.(¢,v) : ¥ € L&P(R% dx)}. Clearly, an analogous results holds by
exchanging the roles of p and 1.

Appendix E: Algorithm details and hyperparameters

For all the experiments, we use four fully connected linear layers with ReL U activations. The hidden dimension of the layers
was 64.

The 2D datasets considered are: ‘Checkerboard’, ‘Swissroll’, ‘Rings’ (four concentric rings), ‘Moons’, ‘Circles’ (two
concentric rings), ‘2spirals’, ‘Pinwheel’, and ‘8gaussians’.

For training, the following hyperparameters are constant across all datasets:

e Batch-size for the sampled data (and sampling from the Normal distribution) was 1000
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e Number of samples for the Monte-Carlo (MC) integration was 100
e Learning rate for stochastic gradient descent was 10~3

e L, penalty term to enforce the (c, €)-transformation was 10~°

For all but the ‘Rings’ dataset, the number of iterations was 20000 — for ‘Rings’, we needed to use 40000 iterations.

Finally, for generating samples, we used a batch-size of 1000, 200 MC samples, and used the default Dormand-Prince
Runge-Kutta 4(5) adaptive solver (dopri5) ODE integrator from the t orchdi f feq Python package (Chen et al., 2018).



